
EE/AA/ME 578 Univ. of Washington, Fall 2016

Homework 5

1. Political positioning problem. A political constituency is a group of voters with similar
views on a set of political issues. The electorate (i.e., the set of voters in some election)
is partitioned into K distinct constituencies, with populations P1, . . . , PK . A candidate in
the election has an initial position on each of n issues, but is willing to consider (small)
deviations from her prior positions in order to maximize the total number of votes she will
receive. We let xi ∈ R denote the change in her position on issue i, measured on some
appropriate scale. (You can think of xi < 0 as a move to the ‘left’ and xi > 0 as a move
to the ‘right’ on the issue.) The vector x ∈ R

n characterizes the changes in her position on
all issues; where x = 0 represents no change in the initial positions. On each issue she has
a limit on how far in each direction she is willing to move, which we express as l � x � u,
where l ≺ 0 and u ≻ 0 are given.

The change in the candidate’s positions, x, affects the fraction of voters in each constituency
that will vote for her. This fraction is modeled as,

fk = g(wT
k x+ vk), k = 1, . . . ,K,

where g(z) = 1/(1 + exp(−z)) is the standard logistic function, and wk ∈ R
n and vk ∈ R

are given data that characterize the views of constituency k on the issues. Thus the total
number of votes the candidate will receive is

V = P1f1 + · · ·+ PKfK .

The problem is to choose x subject to the given limits, so as to maximize V . The problem
data are l, u, and Pk, wk, and vk for k = 1, . . . ,K.

(a) The general political positioning problem. Show that the objective function V need not
be quasiconcave (and thus certainly not concave) in general. That is, find l, u, k, Pk, wk, vk,
for which V is not a quasiconcave function of x.

(b) The partisan political positioning problem. Now suppose the candidate focuses only on
her core constituencies, i.e., those for which a significant fraction will vote for her. In
this case we interpret the K constituencies as her core constituencies; we assume that
vk ≥ 0, which means that with her prior position x = 0, at least half of each of her
core constituencies will vote for her. We add the constraint that wT

k x+ vk ≥ 0 for each
k, which means that she will not take positions that alienate a majority of voters from
any of her core constituencies.

Show that the partisan political positioning problem (i.e., maximizing V with the
additional assumptions and constraints) is a convex problem.

(c) Numerical example. Find the optimal positions for the partisan political position-
ing problem with data given in pol_data.mat (while this is a matlab data file, it
can be loaded in Python using the scipy.io.loadmat function after you’ve imported
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scipy.io). The data file contains 8 pieces of data, K the number of constituencies, P
a vector of populations per constituency, n the number of political issues, W a K × n
matrix whose rows are the wk, and vectors v, l, u as described above above. Report the
number of votes from each constituency under the politician’s prior positions (x = 0)
and optimal positions, as well as the total number of votes V in each case.

Use the function

gapprox(z) = min{1, g(i) + g′(i)(z − i) for i = 0, 1, 2, 3, 4}

as an approximation of g for z ≥ 0. (The function gapprox is also an upper bound on g
for z ≥ 0.) After finding the optimal x, you should report the results (number of votes
from each constituency and total) using the original g, but be sure to check that these
numbers are close to the ones using gapprox (say, within one percent or so).

(d) Suppose the candidate finds out that changing positions on too many issues, even by
small amounts, will result in lack of trust by the voters. Can you modify the problem
in part (ii) to encourage the vector x to be sparse? No need to solve this, simply define
a heuristic approach.

2. Perturbing a Hamiltonian to maximize an energy gap. A finite dimensional approximation
of a quantum mechanical system is described by its Hamiltonian matrix H ∈ S

n. We
label the eigenvalues of H as λ1 ≤ · · · ≤ λn, with corresponding orthonormal eigenvectors
v1, . . . , vn. In this context the eigenvalues are called the energy levels of the system, and the
eigenvectors are called the eigenstates. The eigenstate v1 is called the ground state, and λ1
is the ground energy. The energy gap (between the ground and next state) is η = λ2 − λ1.

By changing the environment (e.g., applying external fields), we can perturb a nominal
Hamiltonian matrix to obtain the perturbed Hamiltonian,

H = Hnom +

k∑

i=1

xiHi.

Here Hnom ∈ S
n is the nominal (unperturbed) Hamiltonian, x ∈ R

k gives the strength or
value of the perturbations, and H1, . . . ,Hk ∈ S

n characterize the perturbations. We have
limits for each perturbation, which we express as |xi| ≤ 1, i = 1, . . . , k. The problem is to
choose x to maximize the gap η of the perturbed Hamiltonian, subject to the constraint that
the perturbed Hamiltonian H has the same ground state (up to scaling) as the unperturbed
Hamiltonian Hnom. The problem data are the nominal Hamiltonian matrix Hnom and the
perturbation matrices H1, . . . ,Hk.

(a) Explain how to formulate this as a convex or quasiconvex optimization problem. If you
change variables, explain the change of variables clearly.

(b) Carry out the method of part (a) for the problem instance with data given in hamiltonian.mat.
Give the optimal perturbations, and the energy gap for the nominal and perturbed sys-
tems. The data Hi are given as a cell array; H{i} gives Hi.

3. A problem from finance. A call option is a contract between a holder (buyer) and a seller,
that gives the buyer the right to buy an asset at a set price (called strike price) on or before
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a given date (called expiration date). A person buys a stock at the strike price only if they
think that the value of a stock will increase by the expiration date.

Similarly, a put option is a contract that gives the holder the option to sell their stock at a
strike price by the expiration date, overriding the market price. So if a holder thinks that
the market price of a stock will decrease by the expiration date, they will exercise their put
option and sell the stock at the strike price (and thus profit from this transaction).

(If this is completely new to you, please check the glossary of terms on the nasdaq website.)

Consider an underlying asset with price S0 at the current time 0 and price S1 at the expi-
ration time. Consider n option contracts written on this underlying asset that expire at the
same time, and have strike price Ki and return function ψi for i = 1, 2, . . . , n. We assume
that K1 ≤ K2 ≤ . . . ≤ Kn. If the i

th option is a call, its return function is:

ψi(S1) = (S1 −Ki)+,

i.e., the holder will not exercise the option if S1 ≤ Ki. if it is a put, its return function is:

ψi(S1) = (Ki − S1)+

Suppose that the current price of the ith option is Si
0. Consider a portfolio x = (x1, x2, . . . , xn) ∈

R
n of the n option contracts (a negative number represents a short position) and let f(S1, x)

denote the payoff function of the portfolio:

f(S1, x) =
n∑

i=1

xiψi(S1).

Let Si
0 be the price of the ith option at time 0. The cost of forming the portfolio x at time

0 is given by

c(S0, x) =

n∑

i=1

xiS
i
0.

We say a static arbitrage opportunity exists in the current prices Si
0, if there exists a portfolio

x for which c(S0, x) < 0 and f(S1, x) ≥ 0 for all S1 ∈ R+.

(a) Model the problem of finding a static arbitrage opportunity as an LP. (Hint: note that
f(S1, x) is a piecewise linear function of S1).

(b) In arbitrage_data.m, you are given the price of 10 options S1
0 , S

2
0 , . . . , S

10
0 with strike

prices K1 < K2 < . . . < K10. The first 5 options are call and the second 5 options are
put. Determine whether there exists a static arbitrage opportunity. Find and report a
minimum cost portfolio x for which f(S1, x) ≥ 0 for all S1 ∈ R+.

4. Eigenvalue optimization via SDP. Suppose A : Rn → S
m is affine, i.e.,

A(x) = A0 + x1A1 + · · ·+ xnAn,
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where Ai ∈ S
m. Let λ1(x) ≥ λ2(x) ≥ · · · ≥ λm(x) denote the eigenvalues of A(x). Show

how to pose the following problem as an SDP: Minimize the sum of the absolute values of
the eigenvalues, |λ1(x)|+ · · · + |λm(x)|.

Hint. Express A(x) as A(x) = A+ −A−, where A+ � 0, A− � 0.

5. Formulate the following optimization problems as semidefinite programs. The variable is
x ∈ R

n, and F (x) is defined as F (x) = F0 + x1F1 + . . .+ xnFn, with Fi ∈ S
m. The domain

of f for all subproblems is {x ∈ R
n | F (x) ≻ 0}.

(a) Minimize f(x) = maxi=1,...,N a
T
i F (x)

−1ai where ai ∈ R
m, i = 1, . . . , N are given

vectors.

(b) Minimize f(x) = sup‖a‖2≤1 aTF (x)−1a.

(c) Minimize f(x) = E(aTF (x)−1a) where a is a random vector with mean ā and covariance
matrix E(a− ā)(a− ā)T = S.
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