
EE/AA 578 Univ. of Washington, Fall 2016

Homework 6

1. Compute the dual problem for the following problems:

(a) minx
1

2
‖b−Ax‖2 s.t. ‖x‖1 ≤ τ .

(b) minx ‖b−Ax‖2 s.t. ‖x‖1 ≤ τ .

2. In this problem, we lead you step-by-step to derive some important results (with very simple
proofs), leading up to solving an optimization problem.

(a) Let C be a closed, convex set and let x ∈ R
n. We denote by PC(x) the point that is a

projection of x onto C, with distances being measured in the Euclidean norm. Show
that a point z ∈ PC(x) if and only if

(x− z)T (y − z) ≤ 0 ∀y ∈ C

(b) For a convex, continuously differentiable function f defined on a closed convex set C,
show that x∗ is a solution of

min
x∈C

f(x) (1)

if and only if
x∗ = PC(x

∗ − η∇f(x∗)) (2)

for some scalar quantity η > 0. This is the result you will use in designing your
algorithm.

(c) We now define a general prototype of the problem we wish to solve. Consider

minimize xTQx+ 2fTx

subject to Ax ≤ b,

where Q ≻ 0, f ∈ R
n, A ∈ R

m×n and b ∈ R
m. Derive the dual of this problem.

(d) Now we are ready to tackle the actual problem. Our goal is this: given a point y ∈ R
n

and a polyhedron S = {x ∈ R
n : Ax ≤ b} where A ∈ R

m×n and b ∈ R
m, compute the

orthogonal projection of y onto S.

In this part, you are required to formulate this as a quadratic programming prob-
lem (QP). (Hint: Your problem formulation will be very close to the prototype you
considered in part c).

(e) Write down the dual of the problem you formulated. Note that while the dual is also
a quadratic program, what is nice about it is that the feasible set is much simpler.

(f) Use (2) to write an iterative algorithm to solve this dual problem. Start with λ0 = 0,
and write down (2) for this problem until convergence occurs (or, you can choose a
fixed number of iterations).
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(g) As an example of the above problem, consider the set S = {(x1, x2) : x1+x2 ≤ 1, x1 ≥
0, x2 ≥ 0}. We wish to find the orthogonal projection of the point (2,−1) onto S. Take
100 iterations of the dual-based method. What is the projection?

Draw a picture to see how these points converge to the solution. Are the iterates
feasible points of the primal problem?

3. Low-rank Matrix completion. In a movie recommendation system (e.g., the Netflix chal-
lenge), users watch a subset of movies and submit ratings. The recommender system stores
a huge rating matrix, whose rows and columns correspond to users and movies respectively.
Since each user generally only rate a few movies, the rating matrix is highly incomplete
and many entries are unobserved. If we can complete the rating matrix and predict missing
ratings, we will be able to recommend movies that any particular users are likely to order.
Given only the observed entries without further information, it is generally impossible to
complete the matrix. However, in many instances such as the Netflix system, the matrix
is essentially low rank because only a few factors contribute to each user’s preferences.
Therefore, to recover the low-rank matrix X given observed entries, we can formulate an
optimization problem

minimize rank(X) (3)

subject to Xi,j = X̂i,j ,∀(i, j) ∈ Ω

where the variable is the matrix X, Ω is the set of indices of observed entries, X̂i,j are values
of observed entries. Unfortunately, since rank is a non-convex function, this problem is not
convex. Recently, the nuclear norm has been proposed as a convex heuristic for rank.

(a) Show that the nuclear norm of any matrix X ∈ R
m×n can be represented as an SDP

minimize
1

2
tr(W1) +

1

2
tr(W2)

subject to

[

W1 X

XT W2

]

� 0

W1 ∈ R
m×m, W2 ∈ R

n×n

(b) Relax the problem (3) as a convex optimization problem using the nuclear norm and
represent it as an SDP.

(c) Carry out your method on the data given in matrix_completion_data.m. The data
X is the matrix to be completed, which has missing entries filled with NaN. Calculate
the error by comparing your solution X∗ to the true matrix Xtrue,

error =

∑

i,j|X
∗
i,j −Xtruei,j|

∑

i,j|Xtruei,j|

4. The problem

minimize − 4x21 + 2x22 + x23 + 2(x1 + x2 + x3)

subject to x21 + x22 + x23 = 1.

is a special case of equation (5.32) from the book, and thus strong duality holds even though
the problem is not convex. Derive the KKT conditions. Then use these conditions to find
a collection of possible primal-dual optimal pairs (x∗, ν∗). Which pair (if any) is optimal?
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5. For an m× n matrix A (with m > n) and an integer k between 1 and n, we define f(A) as
the sum of the largest k singular values of A:

f(A) =

k
∑

i=1

σi(A),

where σ1(A), . . . , σn(A) denote the singular values of A in nonincreasing order.

(a) Consider the following SDP:

maximize Tr(ATX)

subject to

[

U X

XT V

]

� 0

U � I

V � I

Tr(U) +Tr(V ) = 2k,

(4)

with variable X ∈ R
m×n, U ∈ S

m, V ∈ S
n. Find the dual of this problem.

(b) Show that f(A) is the optimal value of problem (4).

(c) What does part (b) imply about the convexity of f(A)?

(d) Use the dual problem to give an SDP formulation of the problem

minimize f(A0 + x1A1 + . . . + xpAp)

with variable x ∈ R
p, where A0, . . . , Ap are given m× n matrices.

6. Polynomial approximation of inverse using eigenvalue information. We seek a polynomial
of degree k, p(a) = c0 + c1a+ c2a

2 + · · ·+ cka
k, for which

p(A) = c0I + c1A+ c2A
2 · · ·+ ckA

k

is an approximate inverse of the nonsingular matrix A, for all A ∈ A ⊂ R
n×n. When

x̂ = p(A)b is used as an approximate solution of the linear equation Ax = b, the associ-
ated residual norm is ‖A(p(A)b) − b‖2. We will judge our polynomial (i.e., the coefficients
c0, . . . , ck) by the worst case residual over A ∈ A and b in the unit ball:

Rwc = sup
A∈A, ‖b‖2≤1

‖A(p(A)b) − b‖2.

The set of matrices we take is A = {A ∈ S
n | σ(A) ⊆ Ω}, where σ(A) is the set of eigenvalues

of A (i.e., its spectrum), and Ω ⊂ R is a union of a set of intervals (that do not contain 0).

(a) Explain how to find coefficients c⋆
0
, . . . , c⋆k that minimize Rwc. Your solution can in-

volve expressions that include the sup of a polynomial (with scalar argument) over an
interval.

(b) Carry out your method for k = 4 and Ω = [−0.6,−0.3] ∪ [0.7, 1.8]. You can replace
the sup of a polynomial over Ω by a maximum over uniformly spaced (within each
interval) points in Ω, with spacing 0.01. Give the optimal value Rwc⋆ and the optimal
coefficients c⋆ = (c⋆

0
, . . . , c⋆k).
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Remarks. (Not needed to solve the problem.)

• The approximate inverse p(A)b would be computed by recursively, requiring the mul-
tiplication of A with a vector k times.

• This approximate inverse could be used as a preconditioner for an iterative method.

• The Cayley-Hamilton theorem tells us that the inverse of any (invertible) matrix is a
polynomial of degree n − 1 of the matrix. Our hope here, however, is to get a single
polynomial, of relatively low degree, that serves as an approximate inverse for many
different matrices.
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