
EE/AA 578 Univ. of Washington, Fall 2016

Homework 7

1. Fix S ∈ Sn+ and λ > 0. Consider the following optimization problem:

maximize log detX − tr(SX)− λ
∑

i,j ti,j
subject to |Xi,j | ≤ ti,j ,

where the domain of log det is Sn++. Show that if the optimal solution is a block diagonal
matrix, then |Si,j | ≤ λ whenever the (i, i) entry and the (j, j) entry are in two different
blocks.

2. Solving nonlinear circuit equations using convex optimization. An electrical circuit consists
of m two-terminal devices (or branches) connected to n nodes, plus a so-called ground
node. The goal is to compute several sets of physical quantities that characterize the circuit
operation. The vector of branch voltages is v ∈ Rm, where vj is the voltage appearing
across device j. The vector of branch currents is i ∈ Rm, where ij is the current flowing
through device j. (The symbol i, which is often used to denote an index, is unfortunately
the standard symbol used to denote current.) The vector of node potentials is e ∈ Rn,
where ek is the potential of node k with respect to the ground node. (The ground node has
potential zero by definition.)

Let A ∈ Rn×m be the reduced incidence matrix, which describes the circuit topology:

Akj =


+1 branch j enters node k
−1 branch j leaves node k
0 otherwise,

for k = 1, . . . , n, j = 1, . . . ,m. The circuit variables v, i, and e satisfy several physical laws.
Kirchhoff’s current law (KCL) can be expressed as Ai = 0, which states that current is
conserved at each node. Kirchhoff’s voltage law (KVL) can be expressed as v = AT e, which
states that the voltage across each branch is the difference of the potentials of the nodes it
is connected to. The branch voltages and currents are related by branch equations

vj = φj(ij), j = 1, . . . ,m,

where φj is a given function that depends on the type of device j. We will assume that these
functions are continuous and nondecreasing. Therefore, the full set of circuit equations are:

Ai = 0

v = AT e

vj = φj(ij), j = 1, . . . ,m.

(1)

We give a few examples. If device j is a resistor with resistance Rj > 0, we have φj(ij) =
Rjij . If device j is a voltage source with voltage Vj and internal resistance rj > 0, we have
φj(ij) = Vj + rjij . And for a more interesting example, if device j is a diode, we have
φj(ij) = VT log(1 + ij/IS), where IS and VT are known positive constants.
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(a) Show that the following function is convex using the fact that φj , j : 1, . . . ,m are
continuous and nondecreasing:

ψ(i1, . . . , im) =
m∑
j=1

∫ ij

0
φj(xj) dxj .

(b) Find a method to solve the circuit equations (1) that relies on convex optimization.
You can use ψ from part (a) to formulate a convex optimization problem with i as the
optimization variable, and examine its KKT optimality conditions.

(You can assume that no pathologies occur in the problem that you propose, for ex-
ample, it is feasible, a suitable constraint qualification holds, and so on.)

Hint. Use the function ψ and think of KKT optimality conditions.

(c) Consider the circuit shown in the diagram below. Device 1 is a voltage source with
parameters V1 = 1000, r1 = 1. Devices 2 and 5 are resistors with resistance R2 = 1000,
and R5 = 100 respectively. Devices 3 and 4 are identical diodes with parameters
VT = 26, IS = 1. (The units are mV, mA, and Ω.)

The nodes are labeled N1, N2, and N3; the bottom node is the ground node. The
incidence matrix A is

A =

−1 −1 0 0 0
0 1 −1 −1 0
0 0 0 1 −1

 .
(The reference direction for each edge is down or to the right.)

Use the method in part (b) to compute v, i, and e. Verify that all the circuit equations
hold.

V1

N1
R2 N2

D3

D4
N3

R5
−

+

3. Simple policy. We consider a family of LPs, parameterized by the random vector u ∈ Rp,
which is uniformly distributed on U = [−1,+1]p,

minimize cTx

subject to Ax � b(u),

where x ∈ Rn, A ∈ Rm×n, and b(u) = b0 + Bu ∈ Rm is an affine function of u. You
can think ui as representing a deviation of the ith parameter from its nominal value. The
parameters might represent (deviations in) levels of resources available, or other varying
limits.

The problem is to be solved many times; in each time, the value of u (i.e., a sample) is
given, and then the decision variable x is chosen. The mapping from u into the decision
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variable x(u) is called the policy, since it gives the decision variable value for each value of
u. When enough time and computing hardware is available, we can simply solve the LP for
each new value of u; this is an optimal policy, which we denote x∗(u).

In some applications, however, the decision x(u) must be made very quickly, so solving the
LP is not an option. Instead we seek a suboptimal policy, which is affine: xaff(u) = x0 +Ku,
where x0 is called the nominal decision and K ∈ Rn×p is called the feedback gain matrix.
(Roughly speaking, x0 is our guess of x before the value of u has been revealed; Ku is our
modification of this guess, once we know u.) We determine the policy (i.e., suitable values
for x0 and K) ahead of time; we can then evaluate the policy (that is, find xaff(u) given u)
very quickly, by matrix multiplication and addition.

We will choose x0 and K in order to minimize the expected value of the objective, while
insisting that for any value of u, feasibility is maintained:

minimize EcTxaff(u)

subject to Axaff(u) � b(u), ∀u ∈ U

The variables here are x0 and K. The expectation in the objective is over u, and the
constraint requires that Axaff(u) � b(u) hold almost surely.

(a) Explain how to find optimal values of x0 and K by solving a standard explicit convex
optimization problem (i.e., one that does not involve an expectation or an infinite
number of constraints, as the one above does.)

(b) Carry out your method on the data given in policy_data.m. To evaluate your affine
policy, generate 100 independent samples of u, and for each value, compute the objec-
tive value of the affine policy, cTxaff(u), and of the optimal policy, cTx∗(u). Scatter-plot
the objective value of the affine policy (y-axis) versus the objective value of the opti-
mal policy (x-axis), and include the line y = x on the plot. Report the average values
of cTxaff(u) and cTx∗(u) over your samples. (These are estimates of EcTxaff(u) and
EcTx∗(u). The first number, by the way, can be found exactly.)

4. A conservative feature elimination rule. In this problem, our goal is to derive a simple rule
that will eliminate features in a supervised learning problem with a convex loss function and
l1-norm penalty. This is useful because it reduces the number of problem variables. Assume
the following setup:

• The loss function f is closed and convex, so f∗∗ = f .

• The optimization variables are w ∈ Rn and v ∈ R;

• A = [ar1; ar2; ar3; . . . arm], where ark ∈ Rn is the k-th row of A. The k-th column is
denoted by ack ∈ Rm. Each column represents a feature, and each row represents a
data measurement.

• Assume that strong duality holds.

Now we go through the derivation by solving the following problems:

(a) Dual Problem: Show that the dual problem for:

φ(λ) := min
w,v

m∑
i=1

f(aTriw + biv + ci) + λ‖w‖1 (2)
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is
φ(λ) = max

θ
G(θ)

s.t. θT b = 0

|θTack| ≤ λ for k = 1, 2, ..., n

(3)

where

G(θ) := cT θ −
m∑
i=1

f∗(θi) (4)

(b) Optimality Conditions: From the optimality conditions for the above problem, derive
the following relation between θ∗ and w∗

|θ∗Tack| < λ =⇒ w∗k = 0 ∀k = {1, 2, . . . , n} (5)

where ack represents the k-th column of sampling matrix A. Thus if the dual optimal is
known, this rule eliminates some features that are guaranteed to be absent from the so-
lution. Note that we do not remove all the features that are absent, but whatever we do
eliminate are guaranteed to be absent. It is thus a conservative feature elimination rule.

(c) Dual of Feature Elimination Rule: Suppose we are given the lower bound on the primal
problem, i.e., γ ≤ φ(λ). Because of strong duality, γ is also a lower bound on the dual
problem. So the dual problem can be modified as follows:

φ(λ) := max
θ

G(θ) := cT θ −
m∑
i=1

f∗(θi)

s.t. G(θ) ≥ γ
θT b = 0

|θTack| ≤ λ for k = 1, 2, ..., n

(6)

Combining this with the rule we found in (5) gives us the following test to eliminate
the j-th feature: the feature wj is guaranteed to be absent from the solution if

λ > T (γ, acj) := max
θ
|θTacj | : G(θ) ≥ γ, θT b = 0 (7)

That is, if
λ > T (γ, acj) = max(P (γ, acj), P (γ,−acj)),

where
P (γ, acj) := max

θ
θTacj : G(θ) ≥ γ, θT b = 0 (8)

Show that the dual problem for

P (γ, u) := max
θ

θTu

s.t. cT θ −
m∑
i=1

f∗(θi) ≥ γ

θT b = 0

(9)
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is

min
µ>0,ν

− µγ + µ
m∑
i=1

f(
ui + µci + νbi

µ
) (10)

(d) Conjugate: When f(x) = 1
2‖x‖

2
2 the primal problem is called lasso (least absolute

shrinkage and selection operator). Find the conjugate of f for lasso.

(e) LASSO Dual: Use the previous general results to derive the dual problem for the
LASSO problem

φsq(λ) := min
w

1

2

m∑
i=1

(aTriw − yi)2 + λ‖w‖1 (11)

(f) LASSO Feature Elimination Rule (primal variables): Suppose we obtain a lower bound
γ for the LASSO problem (we will soon see how this can be done). Similar to our
approach for the general case, write down the feature elimination rule in terms of the
dual variables (like in (7)). Now assume that strong duality holds and write the dual of
the maximization problem in this rule (like in (10)), and derive the following feature
elimination rule in terms of the primal variables.

λ > |yTacj |+
√
yT y − 2γ.‖acj‖2 =⇒ wj = 0 (12)

(g) LASSO Lower Bound: Finally, for any given LASSO problem, we now derive how to
obtain a lower bound γ so that we can apply the rule (12).

i. Derive the following relation between optimal primal and dual variables w∗ and
θ∗:

θ∗i = aTriw
∗ − yi ∀i = {1, 2, . . . ,m} (13)

ii. Use the above relation between optimal primal and dual variables of LASSO to
derive that the smallest λ above which it is guaranteed that w = 0 is optimal for
our LASSO problem is

λmax = ‖AT y‖∞ (14)

and that for this λ, the optimal dual variable is

θmax = −y

iii. Since we do not care about the w = 0 trivial solution, we focus on the case where
λ ≤ λmax (which we calculated in the previous part). Given this λ, find a point
θ = sθmax which is dual feasible for the LASSO problem. ie, it should be feasible
for the dual problem you derived in part (e).

iv. Finally, get the lower bound γ(λ) by solving the problem

γ(λ) = max
s
Gsq(sθmax) : |s| ≤ λ

λmax

Use this in the code.
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(h) Numerical question: Our goal is to implement the feature elimination rule we derived,
and compare its result against the solution obtained via CVX. Data for this problem
can be found in the file safe data.mat. Write code to solve the problem

min
x

(
1

2
‖Ax− b‖22 + λ‖x‖1)

Do this for 20 values of λ at equal intervals, with λ = λmax ∗ s1 where s1 varies from
0.001 to 1, and λmax = ‖AT b‖∞,as calculated earlier.

Use the result from the previous problem to determine init lower bound, a lower
bound on the problem for a given value of λ. Implement the feature elimination rule
for 10 different lower bounds, γ = max lower bound∗s2, where s2 ranges from 0.001 to
1. Answer the following questions about the performance of your feature elimination
rule:

i. In general, how well does your rule perform against CVX?

ii. How do values of λ and γ affect the performance?

iii. Does your rule incorrectly eliminate any features?

Generate the following plots:

i. The Pareto optimal curve (‖x‖1 vs ‖Ax− b‖2)

ii. Number of features eliminated versus γ for all the values of λ
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