
EE/AA 578 Univ. of Washington, Fall 2016

Homework 8

1. Multi-label SVM. The basic Support Vector Machine (SVM) described in the lecture (and
textbook) is used for classification of data with two labels. In this problem we explore an
extension of SVM that can be used for classification with more than two labels. Our data
consists of pairs (xi, yi) ∈ R

n × {1, . . . ,K}, i = 1, . . . ,m, where xi is the feature vector
and yi is the label of the ith data point. (So the labels can take the values 1, . . . ,K.) Our
classifier will use K affine functions, fk(x) = aTk x+ bk, k = 1, . . . ,K, which we also collect
into affine function from R

n into R
K as f(x) = Ax + b. (The rows of A are aTk .) Given

feature vector x, we guess the label ŷ = argmaxk fk(x). We assume that exact ties never
occur, or if they do, an arbitrary choice can be made. Note that if a multiple of 1 is added
to b, the classifier does not change. Thus, without loss of generality, we can assume that
1
T b = 0.

To correctly classify the data examples, we need fyi(xi) > maxk 6=yi fk(xi) for all i. This is a
set of homogeneous strict inequalities in ak and bk, which are feasible if and only if the set
of nonstrict inequalities fyi(xi) ≥ 1 + maxk 6=yi fk(xi) are feasible. This motivates the loss
function

L(A, b) =

m
∑

i=1

(

1 + max
k 6=yi

fk(xi)− fyi(xi)

)

+

,

where (u)+ = max{u, 0}. The multi-label SVM chooses A and b to minimize

L(A, b) + µ‖A‖2F ,

subject to 1
T b = 0, where µ > 0 is a regularization parameter. (Several variations on this

are possible, such as regularizing b as well, or replacing the Frobenius norm squared with
the sum of norms of the columns of A.)

(a) Show how to find A and b using convex optimization. Be sure to justify convexity of
the objective and constraints in your formulation.

(b) Carry out multi-label SVM on the data given in multilabel_svm_data.m. Use the
data given in x and y to fit the SVM model, for a range of values of µ. This data set
includes an additional set of data, xtest and ytest, that you can use to test the SVM
models. Train the classifier for 10 values of µ spaced uniformly on a log scale from
10−1 to 102. Jointly plot the train set and test set classification error rates (i.e., the
fraction of data examples in the train or test set for which ŷ 6= y) versus µ.

2. Router placement in a computer lab. A system administrator for an academic research group
is trying to determine the optimal placement of a set of wired routers in the lab. There are N
graduate students, who have desks at fixed locations in the lab, and M undergraduates, who
will sit and work wherever they are told to. Each of the K routers will form a sub-network
of those students’ computers that are attached to it, i.e., there will be K different (and
potentially overlapping) networks in the lab. For his or her research, each student (both
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grad and undergrad) will need to be connected to one or more of these different networks
(via the appropriate router; no computer to computer connections). We assume the cost
of an ethernet cable is proportional to the square of its length. Each connection between a
router and a computer is made by draping an ethernet cable across the floor in a straight
line between the router and the computer. The administrator knows where the graduate
students sit (in 2d space) and which students need to be connected to which networks.

The system administrator needs to simultaneously decide where to place the K routers (in
2d space), and where to place the M undergraduate students (in 2d space) such that the
total cost of ethernet cable needed is minimized.

(a) Formulate this problem as a convex optimization problem and implement using the
numerical data provided in the file placement1.m. Make a plot showing the optimal
lab layout including the placement of the students and the routers. Hint: You might
need to use the square_pos command in CVX.

(b) As another variation, consider the case where there are no undergrads and ethernet
cables only run along the x and y axes in 2d space (that is, only horizontally or
vertically) on the lab floor. The routers should be placed in order to minimize the cord
needed. Formulate this problem as a convex optimization problem and implement
using the same numerical data as in part (a). Make a plot of the result.

(c) Now consider a more general placement problem that covers the previous examples as
a special case.

We consider a graph with m nodes and assume coordinate vectors xj ∈ R
p, j =

1, . . . ,m, are associated with the nodes. We store the vectors xj as columns of the
matrix X ∈ R

p×m. Some nodes are fixed with given coordinate vectors xj, while
the other nodes are free (and their coordinate vectors are the optimization variables).
In addition, we are given subsets of nodes denoted by S. We use XS to denote the
submatrix of X with columns associated with the nodes in subset S.

This problem is concerned with different measures of size and notions of center for the
subsets and for the graph. We define

fS(X) = inf
y
‖XS − y1T ‖. (1)

as the size of subset S, where ‖ · ‖ is any norm, y is in R
p, and 1 is a vector of ones of

length |S|. Show that the optimization problem

minimize
∑

S

fS(X)

is convex in the free node coordinates xj . Finding minimum wire cost in a sub-network
in part (a) corresponds to minimizing fS(X) in equation (1) for which norm? Can
you give a geometric interpretation for the optimal y’s you found in that part?

3. Gram matrices, Laplacians, and Markov chains. In many areas of information processing,
data are given in a high dimensional space, but the intrinsic complexity and dimension
are typically much lower. Given a set of points x1, . . . , xn in a high dimensional space R

d

(denoted byX = [x1, . . . , xn] ∈ R
d×n), we want to compute a low dimensional representation

Y = [y1, . . . , yn] ∈ R
r×n, where r ≪ d. Suppose that the points yi are centered at the
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origin, i.e.,
∑n

i=1 yi = 0. To represent the connection between x1, . . . , xn, we construct
an undirected graph G = (V,E), by connecting each xi to its k-nearest neighbors, where
k is an integer. Here V denotes the set of vertices, and {i, j} ∈ E means vertices i and
j are connected by an edge. We want the low dimensional representation to preserve the
local distances between the high dimensional data, ‖yi − yj‖2 = dij for {i, j} ∈ E, where
dij = ‖xi − xj‖2 is the distance between xi and xj . At the same time, we want the low
dimensional representation to maximize the total variance

∑n
i=1 ‖yi‖2 in order to place

the points yi as far away from the origin as possible (this tends to lower the dimension
by “flattening” the point cloud, but you don’t need to worry about why and how). This
problem can be formulated as the follows,

maximize
∑n

i=1 ‖yi‖2
subject to

∑n
i=1 yi = 0

‖yi − yj‖2 = dij , {i, j} ∈ E
(2)

with variables yi, i = 1, . . . , n. Note that problem (2) is not convex. However, if we know the
Gram matrix G associated with Y , which is defined as G = Y TY (so G � 0 and Gij = yTi yj),
the low dimensional representation can be calculated by yi = [

√
λ1(v1)i, . . . ,

√
λr(vr)i]

T , i =
1, . . . , n, where v1, . . . , vr are eigenvectors associated with nonzero eigenvalues ofG, λ1, . . . λr.
We can express problem (2) as a convex problem with the Gram matrix G as the optimiza-
tion variable,

maximize TrG
subject to 1

TG1 = 0
G = GT � 0
Gii +Gjj − 2Gij = dij , {i, j} ∈ E.

(3)

From the optimal solution G∗, we can calculate the optimal low dimensional representation
Y ∗.

Finally, here is what you need to solve:

(a) Derive the dual of the convex problem (3). For convenience, the last set of equality
constraints can be written as

Gii +Gjj − 2Gij = TrGI{i,j} = dij , {i, j} ∈ E

where I{i,j} ∈ R
n×n has all zero entries expect for I

{i,j}
ii = I

{i,j}
jj = 1, I

{i,j}
ij = I

{i,j}
ji =

−1.

(b) In the graph G, we can assign weights Wij = Wji ≥ 0 to each edge {i, j} ∈ E, then the
weighted Laplacian L ∈ S

n
+ of the graph G is defined as

Lij =















−Wij if i 6= j, {i, j} ∈ E
∑

k:{i,k}∈E

Wik if i = j

0 otherwise

Note that L =
∑

{i,j}∈E WijI
{i,j}. Let λ1, . . . , λn be the eigenvalues of L, where λ1 ≥

· · · ≥ λn. Using the fact that L � 0, show that

i. λn(L) = 0 and λn−1(L) is concave in W ,
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ii. λn−1(L) ≥ 1 if and only if L � I − (1/n)11T .

(c) Now let’s look at another problem. Consider a Markov chain on the same undirected
graph structure G = (V,E). Each vertex i ∈ V represents a state of this Markov chain
and each edge {i, j} ∈ E corresponds to an allowed transition. The transition rate
between vertices i and j is given byWij ≥ 0, and rates are limited by

∑

{i,j}∈E CijWij ≤
c, where Cij > 0 is a known cost on edge {i, j} ∈ E and c > 0 is a known constant.
Let π(t) ∈ R

n denote the distribution of the state at time t. Starting from the initial
distribution π(0), the Markov chain converges to its equilibrium when dπ(t)/dt = 0.

The evolution is given by dπ(t)
dt

= −Lπ(t), where L is the weighted Laplacian defined in
part 3b. The uniform distribution (1/n)1 is an equilibrium distribution. It is known
that the rate of convergence to the uniform distribution is determined by λn−1(L): the
larger λn−1(L), the faster the convergence.

Finally, here’s the problem: We want to find the optimal transition ratesWij , {i, j} ∈ E
that give the fastest convergence for the Markov chain. Formulate this problem as a
convex optimization problem.

(d) Now we are to find a surprising connection between these two seemingly different
problems: Consider the dual problem you derived in part 3a, and add new constraints
that the dual variables corresponding to the constraints Gii+Gjj−2Gij = dij , {i, j} ∈
E, are nonnegative. Show that this problem is equivalent to the convex problem that
you formulated in part 3c.

4. Worst case probability of loss. Two investments are made, with random returns R1 and R2.
The total return for the two investments is R1+R2, and the probability of a loss (including
breaking even, i.e., R1 + R2 = 0) is ploss = Prob(R1 + R2 ≤ 0). The goal is to find the
worst-case (i.e., maximum possible) value of ploss, consistent with the following information.
Both R1 and R2 have Gaussian marginal distributions, with known means µ1 and µ2 and
known standard deviations σ1 and σ2. In addition, it is known that R1 and R2 are correlated
with correlation coefficient ρ, i.e.,

E(R1 − µ1)(R2 − µ2) = ρσ1σ2.

Your job is to find the worst-case ploss over any joint distribution of R1 and R2 consistent
with the given marginals and correlation coefficient.

We will consider the specific case with data

µ1 = 8, µ2 = 20, σ1 = 6, σ2 = 17.5, ρ = −0.25.

We can compare the results to the case when R1 and R2 are jointly Gaussian. In this case
we have

R1 +R2 ∼ N (µ1 + µ2, σ
2
1 + σ2

2 + 2ρσ1σ2),

which for the data given above gives ploss = 0.050. Your job is to see how much larger ploss

can possibly be.

This is an infinite-dimensional optimization problem, since you must maximize ploss over an
infinite-dimensional set of joint distributions. To (approximately) solve it, we discretize the
values that R1 and R2 can take on, to n = 100 values r1, . . . , rn, uniformly spaced from
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r1 = −30 to rn = +70. We use the discretized marginals p(1) and p(2) for R1 and R2, given
by

p
(k)
i = Prob(Rk = ri) =

exp
(

−(ri − µk)
2/(2σ2

k)
)

∑n
j=1 exp

(

−(rj − µk)2/(2σ
2
k)
) ,

for k = 1, 2, i = 1, . . . , n.

Formulate the (discretized) problem as a convex optimization problem, and solve it. Report
the maximum value of ploss you find. Plot the joint distribution that yields the maximum
value of ploss using the Matlab commands mesh and contour.

Remark. You might be surprised at both the maximum value of ploss, and the joint distri-
bution that achieves it.

5. Optimal investment to fund an expense stream. An organization knows its operating ex-
penses over the next T periods, denoted E1, . . . , ET . (Normally these are positive, but we
can have negative Et, which corresponds to income.) These expenses will be funded by a
combination of investment income, from a mixture of bonds purchased at t = 0, and a cash
account.

The bonds generate investment income, denoted I1, . . . , IT . The cash balance is denoted
B0, . . . , BT , where B0 ≥ 0 is the amount of the initial deposit into the cash account. We
can have Bt < 0 for t = 1, . . . , T , which represents borrowing.

After paying for the expenses using investment income and cash, in period t, we are left
with Bt−Et+ It in cash. If this amount is positive, it earns interest at the rate r+ > 0; if it
is negative, we must pay interest at rate r−, where r− ≥ r+. Thus the expenses, investment
income, and cash balances are linked as follows:

Bt+1 =

{

(1 + r+)(Bt − Et + It) Bt − Et + It ≥ 0
(1 + r−)(Bt − Et + It) Bt − Et + It < 0,

for t = 1, . . . , T − 1. We take B1 = (1 + r+)B0, and we require that BT − ET + IT = 0,
which means the final cash balance, plus income, exactly covers the final expense.

The initial investment will be a mixture of bonds, labeled 1, . . . , n. Bond i has a price
Pi > 0, a payment Ci > 0, and a maturity Mi ∈ {1, . . . , T}. Bond i generates an income
stream given by

a
(i)
t =







Ci t < Mi

Ci + 1 t = Mi

0 t > Mi,

for t = 1, . . . , T . If xi is the number of units of bond i purchased (at t = 0), the total
investment cash flow is

It = x1a
(1)
t + · · · + xna

(n)
t , t = 1, . . . , T.

We will require xi ≥ 0. (The xi can be fractional; they do not need to be integers.)

The total initial investment required to purchase the bonds, and fund the initial cash balance
at t = 0, is x1P1 + · · · + xnPn +B0.
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(a) Explain how to choose x and B0 to minimize the total initial investment required to
fund the expense stream.

Hint: Show that the balance propagation equations can be written as

Bt+1 = min {(1 + r+)(Bt − Et + It), (1 + r−)(Bt − Et + It)} . t = 1, . . . , T.

Relax these constraints to convex ones (and show that the problem with relaxed con-
straints is equivalent to the original one).

(b) Solve the problem instance given in opt_funding_data.m. Give optimal values of x and
B0. Give the optimal total initial investment, and compare it to the initial investment
required if no bonds were purchased (which would mean that all the expenses were
funded from the cash account). Plot the cash balance (versus period) with optimal
bond investment, and with no bond investment.
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