
EE/AA 578 Univ. of Washington, Fall 2016

Homework 9

1. Let f : Rn → R be a convex function with ∇2f(x) ≻ 0 for all x ∈ dom f , and let the
Newton decrement be bounded by a positive constant:

λ(x)2 ≤ c, ∀x ∈ dom f.

Show that the function g(x) = exp(−f(x)/c) is concave.

2. Softmax (multi-class logistic) regression. The softmax or multi-class distribution for a ran-
dom variable y ∈ {1, . . . , n} is given by

Prob(y = i) =
evi

∑n
j=1 e

vj
, i = 1, . . . , n,

where v ∈ R
n is a parameter. Since v and v+α1 (1 denotes ) define the same distribution,

we can normalize v, for example by assuming 1
T v = 0. This family of distributions can be

considered an extension of the logistic model to n > 2 classes. The name softmax comes
from the observation that the distribution puts the largest probability on i = argmaxj vj .

A softmax regression model, with feature vector x ∈ R
m, has the form v = Ax + b, where

A ∈ R
n×m and b ∈ R

n are model parameters that map feature vectors into the softmax
parameters. We can interpret Aij as the amount by which xj increases the probability that
y = i. In this problem we will assume b = 0 for the sake of simplicity. Given a softmax
regression model, we can predict y, given the feature vector x, as

ŷ = argmax
j

(Ax)j .

(a) Show that maximum likelihood estimation of A, given independent samples (x(j), y(j)),
j = 1, . . . , N from a softmax regression model, is a convex optimization problem.

(b) ℓ1-regularized softmax regression. By adding a penalty term λ
∑

i,j |Aij | to the negative
log-likelihood function, where λ > 0 is a parameter, we can (approximately) trade off
sparsity of the model (i.e., A) and the likelihood of the training data. Solve this
optimization problem with different choices of λ (for example 7 points in the range
[0.5, 2]) for the training data x,y in soft_max_data.m. Choose the parameter λ which
minimizes the prediction error on the training data. Prediction error is defined by
r = N −

∑N
k=1 I(ŷ

(k) = y(k)), where I(ŷ(k) = y(k)) = 1 if ŷ(k) = y(k), and zero
otherwise.

Use the regression model corresponding to your chosen λ to generate the prediction ŷ
for the training data set x and testing data set xtest. Then compute the confusion
matrix for this model on both training and testing data sets respectively. The i, j entry
of the confusion matrix is defined as the relative frequency for which y = i, ŷ = j, i.e.,

Cij =

∑N
k=1 I(y

(k) = i)I(ŷ(k) = j)
∑N

k=1 I(y
(k) = i)

.

Hint. It might be useful to know that the Matlab function max returns two arguments,
the maximum value and the index of the maximum value.
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3. Sizing a water supply network. A water supply network connects water supplies (such as
reservoirs) to consumers via a network of pipes. Water flow in the network is due to gravity
(as opposed to pumps, which could also be added to the formulation). The network is
composed of a set of n nodes and m directed edges between pairs of nodes. The first k
nodes are supply or reservoir nodes, and the remaining n − k are consumer nodes. The
edges correspond to the pipes in the water supply network.

We let fj ≥ 0 denote the water flow in pipe (edge) j, and hi denote the (known) altitude
or height of node i (say, above sea level). At nodes i = 1, . . . , k, we let si ≥ 0 denote the
flow into the network from the supply. For i = 1, . . . , n− k, we let ci ≥ 0 denote the water
flow taken out of the network (by consumers) at node k + i. Conservation of flow can be
expressed as

Af =

[

−s
c

]

,

where A ∈ R
n×m is the incidence matrix for the supply network, given by

Aij =







−1 if edge j leaves node i
+1 if edge j enters node i
0 otherwise.

We assume that each edge is oriented from a node of higher altitude to a node of lower
altitude; if edge j goes from node i to node l, we have hi > hl. The pipe flows are determined
by

fj =
αθjR

2
j (hi − hl)

Lj

,

where edge j goes from node i to node l, α > 0 is a known constant, Lj > 0 is the (known)
length of pipe j, Rj > 0 is the radius of pipe j, and θj ∈ [0, 1] corresponds to the valve
opening in pipe j.

Finally, we have a few more constraints. The supply feed rates are limited: we have si ≤
Smax
i . The pipe radii are limited: we have Rmin

j ≤ Rj ≤ Rmax
j . (These limits are all known.)

(a) Supportable consumption vectors. Suppose that the pipe radii are fixed and known.
We say that c ∈ R

n−k
+ is supportable if there is a choice of f , s, and θ for which

all constraints and conditions above are satisfied. Show that the set of supportable
consumption vectors is a polyhedron, and explain how to determine whether or not a
given consumption vector is supportable.

(b) Optimal pipe sizing. You must select the pipe radii Rj to minimize the cost, which we
take to be (proportional to) the total volume of the pipes, L1R

2
1+ · · ·+LmR2

m, subject
to being able to support a set of consumption vectors, denoted c(1), . . . , c(N), which we
refer to as consumption scenarios. (This means that any consumption vector in the
convex hull of {c(1), . . . , c(N)} will be supportable.) Show how to formulate this as a
convex optimization problem. Note. You are asked to choose one set of pipe radii, and
N sets of valve parameters, flow vectors, and source vectors; one for each consumption
scenario.

(c) Solve the instance of the optimal pipe sizing problem with data defined in the file
grav_feed_network_data.m, and report the optimal value and the optimal pipe radii.
The columns of the matrix C in the data file are the consumption vectors c(1), . . . , c(N).
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Hint. −ATh gives a vector containing the height differences across the edges.

4. Last problem. . .

(a) Did you have a favorite problem among those in your homeworks? If so, please tell us
which one, and why. (you’ll get credit for this problem too!)

(b) Please fill in the online course evaluation forms (one for the instructor, one for each
TA), available Dec 4-12. Links will be emailed to you. It’s really important for us to
hear from you and what you thought about the course.
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